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Abstract1
In this paper we consider the Parisian ruin probabilities for the dual risk model in a2
discrete-time setting. By exploiting the strong Markov property of the risk process we3
derive a recursive expression for the finite-time Parisian ruin probability, in terms of4
classic discrete-time dual ruin probabilities. Moreover, we obtain an explicit expression5
for the corresponding infinite-time Parisian ruin probability as a limiting case. In order6
to obtain more analytic results, we employ a conditioning argument and derive a new7
expression for the classic infinite-time ruin probability in the dual risk model and hence,8
an alternative form of the infinite-time Parisian ruin probability. Finally, we explore9
some interesting special cases, including the Binomial/Geometric model, and obtain a10
simple expression for the Parisian ruin probability of the gambler’s ruin problem.11
Keywords: Dual risk model, Discrete-time, Ruin probabilities, Parisian ruin, Bino-12
mial/Geometric Model, Parisian Gambler’s Ruin.13
1 Introduction14
The compound binomial model, first proposed by Gerber (1988), is a discrete-time analogue15
of the classic Crame´r-Lundberg risk model which provides a more realistic analysis to the16
cash flows of an insurance firm. The model has attracted attention since its introduction17
due to the recursive nature of the results, which are readily programmable in practise,18
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and as a tool to approximate the continuous-time risk model as a limiting case (for details19
see Dickson (1994)). In the compound binomial risk model, it is assumed that income20
is received via a periodic premium of size one, whilst the initial reserve and the claim21
amounts are assumed to be integer valued. That is, the reserve process of an insurer,22
denoted {Rn}n∈N, is given by23
Rn = u+ n−Xn, (1.1)24
where u ∈ N is the insurers initial reserve and25
Xn =
n∑
i=1
Yi, n = 1, 2, 3, . . . , (1.2)26
denotes the aggregate claim amount up to period n ∈ N, with X0 = 0. Further, it is27
assumed that the random non-negative claim amounts, namely Yi, i = 1, 2, . . ., are inde-28
pendent and identically distributed (i.i.d.) random variables with probability mass function29
(p.m.f.) pk = P(Y = k), for k = 0, 1, 2, . . ., and finite mean E(Y1) < ∞. We point out,30
due to its importance in the following, that the claim amounts Yi, i = 1, 2, . . . have a mass31
point at zero with probability p0 > 0.32
Let T denote the time to ruin for the discrete-time risk model given in Eq. (1.1), defined33
by34
T = inf{n ∈ N : Rn 6 0},35
where T = ∞ if Rn > 0 for all n ∈ N. Note that this definition is consistent with Gerber36
(1988), whilst other authors define the ruin time when the reserve takes strictly negative37
values (see e.g. Willmot (1993)). Then, the finite-time ruin probability, from initial reserve38
u ∈ N, is defined by39
ψ(u, t) = P(T < t
∣∣R0 = u), t ∈ N,40
with corresponding finite-time survival probability φ(u, t) = 1 − ψ(u, t). The finite-time41
ruin probability of the discrete-time risk model was first studied in Willmot (1993), where42
explicit formulas are derived using generating functions. Later, Lefe`vre and Loisel (2008)43
derive a seal-type formula based on the ballot theorem (see Taka´cs (1962)) and a Picard-44
Lefe`vre-type formula for the corresponding finite-time survival probability, namely φ(u, t).45
For further results on finite-time probabilities, see Li and Sendova (2013) and references46
therein. The finite-time ruin probabilities, in general, prove difficult to tackle and the47
literature on the subject remains few.48
On the other hand, the infinite-time ruin probability, defined as the limiting case i.e.49
ψ(u) = limt→∞ ψ(u, t), has been considered by several authors e.g. Gerber (1988), Michel50
(1989), Shiu (1989) and Dickson (1994), among others, where numerous alternative meth-51
ods have been employed to derive explicit expressions. Further references for related results52
such as; the discounted probability of ruin, the deficit and surplus prior to ruin and the well53
known Gerber-Shiu function, to name a few, can be found in Cheng et al. (2000), Cossette54
et al. (2003, 2004, 2006), Dickson (1994), Li and Garrido (2002), Pavlova and Willmot55
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(2004), Wu and Li (2009) and Yuen and Guo (2006). For a full comprehensive review of56
the discrete-time literature refer to Li et al. (2009), and references therein.57
One limitation of the discrete-time risk model (1.1), as pointed out by Avanzi et58
al. (2007), is that depending on the line of business there are companies which are subject59
to a constant flow of expenses and receive income/gains as random events. For instance,60
pharmaceutical or petroleum companies, where the random gains come from new invention61
or discoveries, require an alternative to the compound binomial risk model such that the62
reserve process, namely {R∗n}n∈N, is defined by63
R∗n = u− n+Xn, (1.3)64
where {Xk}k∈N+ has the same form as Eq. (1.2). This model is known as the discrete-time65
dual risk model. The continuous analogue of the dual risk model has been considered by66
various authors, with the majority of focus in dividend problems (see Avanzi et al. (2007),67
Bergel et al. (2016), Cheung and Drekic (2008), Ng (2009) and references therein). Ad-68
ditionally, Albrecher et al. (2008) considered the continuous-time dual risk model under a69
loss-carry forward tax system, where, in the case of exponentially distributed jump sizes,70
the infinite-time ruin probability is derived in terms of the ruin probability without taxa-71
tion. However, the dual risk problem in discrete-time remains to be studied.72
For convenience, throughout the remainder of this paper, we use the notation P(· |R∗0 =73
u) = Pu(·) and P0(·) = P(·).74
The finite-time ruin probability, for the dual risk process given in Eq. (1.3), is defined75
in a similar way to the discrete-time risk model defined in Eq. (1.1). That is, the finite-76
time ruin probability is defined as the probability that the risk reserve process {R∗n}n∈N77
attains a non-positive level before some pre-specified time horizon t ∈ N, from initial capital78
u ∈ N. Since the reserve process for the dual risk model, defined in Eq. (1.3), experiences79
deterministic losses of one per period, it follows that the probability of experiencing a non-80
positive level is equivalent to the probability of hitting the zero level. Thus, let us denote81
the time to ruin for the dual risk model, given in Eq. (1.3), by τ∗, defined by82
τ∗ = inf{n ∈ N : R∗n = 0}.83
Then, the finite-time dual ruin probability is given by84
ψ∗(u, t) = P(τ∗ < t
∣∣R∗0 = u), (1.4)85
with ψ∗(0, t) = 1, for all t ∈ N+.86
The infinite-time dual ruin (survival) probability, as above, is defined as the limiting87
case i.e. ψ∗(u) = limt→∞ ψ∗(u, t). It is clear that τ∗ > u (due to the deterministic88
losses of one per period). Finally, it is assumed that the net profit condition holds i.e.89
µ = E(Y1) > 1, such that R∗n → +∞ as n→∞. This condition ensures that the dual ruin90
probability is not certain.91
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The aim of this paper is to extend the notion of ruin to the so-called Parisian ruin,92
which occurs if the process {R∗n}n∈N is strictly negative for a fixed number of periods93
r ∈ {1, 2, . . .} and derive recursive and explicit expressions for the Parisian ruin probability94
in finite and infinite-time. The idea of Parisian ruin follows from Parisian stock options,95
where prices are activated or cancelled when underlying assets stay above or below a barrier96
long enough (see Chesney et al. (1997) and Dassios and Wu (2008)). The time of Parisian97
ruin, in the discrete-time dual risk model, is defined as98
τ r = inf{n ∈ N : n− sup{s < n : R∗s = −1, R∗s−1 = 0} = r ∈ N+, R∗n < 0},99
with finite and infinite-time Parisian ruin probabilities defined by100
ψ∗r (u, t) = Pu(τ r < t),101
and102
ψ∗r (u) = lim
t→∞ψ
∗
r (u, t),103
respectively. We further define the corresponding finite and infinite-time Parisian survival104
probabilities by φ∗r(u, t) = Pu(τ r > t) = 1− ψ∗r (u, t) and φ∗r(u) = 1− ψ∗r (u).105
The extension from classical ruin to Parisian ruin was first proposed, in a continuous106
time setting, by Dassios and Wu (2008) for the compound Poisson risk process with expo-107
nential claim sizes. In this setting they derive expressions for the Laplace transform of the108
time and probability of Parisian ruin. Further, Czarna and Palmolski (2011) and Loeffen109
et al. (2013) have derived results for the Parisian ruin in the more general case of spectrally110
negative Le´vy processes. More recently, Czarna et al. (2016) adapted the Parisian ruin111
problem to a discrete-time risk model, as in Eq. (1.1), where finite and infinite-time expres-112
sions for the ruin probability are derived, along with the light and heavy-tailed asymptotic113
behaviour.114
The paper is organised as follows: In Section 2, we exploit the strong Markov property115
of the risk process to derive a recursive formula for the finite-time Parisian ruin probability,116
with general initial reserve, in terms of the dual ruin probability defined in Eq. (1.4) and117
the Parisian ruin probability with zero initial reserve. For the latter risk quantity, we show118
this can be calculated recursively. In Section 3, we obtain a similar expression for the cor-119
responding infinite-time Parisian ruin probability, where the Parisian ruin probability with120
zero initial reserve has an explicit form. In Section 4, we consider an alternative method for121
calculating the infinite-time dual ruin probability. In Section 5, in order to illustrate the122
applicability of our recursive type equation, we analyse the Binomial/Geometric model, as123
a special case. Finally, in Section 6, we derive an explicit expression for the Parisian ruin124
probability to the well known gambler’s ruin problem.125
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2 Finite-time Parisian ruin probability126
In this section, we derive an expression for the finite-time Parisian survival probability,127
φ∗r(u, t), for the dual risk model given in Eq. (1.3), for general initial reserve u ∈ N.128
First note that, since the dual risk process, {R∗n}n∈N, experiences only positive random129
gains and losses occur at a rate of one per period, it follows that φ∗r(u, t) = 1, when130
t 6 u+ r+ 1. Now, for t > u+ r+ 1, by conditioning on the time to ruin, namely τ∗, using131
the strong Markov property and the fact that Pu(τ∗ = k) = 0 for k < u, we have132
φ∗r(u, t) =
t−r−2∑
k=u
Pu(τ∗ = k)φ∗r(0, t− k) + φ∗(u, t− r − 1). (2.1)133
Note that the finite-time dual survival probability is given by φ∗(u, t) = 1 − ψ∗(u, t) =134
1−∑t−1k=0 Pu(τ∗ = k). Thus, from the form of Eq. (2.1), in order to obtain an expression for135
the Parisian survival probability, φ∗r(u, t), we need only to derive expressions for Pu(τ∗ = k)136
and the Parisian survival probability with zero initial reserve, namely φ∗r(0, t).137
Lemma 1. In the discrete-time dual risk model, the probability of hitting the zero level138
from initial capital u ∈ N, in n ∈ N periods, namely Pu(τ∗ = n), is given by139
Pu(τ∗ = n) =
u
n
p∗nn−u, n > u, (2.2)140
where {p∗nk }n∈N denotes the n-th fold convolution of Y1.141
Proof. Consider the discrete-time dual risk process {R∗n}n∈N, defined in Eq. (1.3), where142
R∗n = u− S∗n, (2.3)143
with S∗n = n−Xn. The ‘increment’ process, {S∗n}n∈N, is equivalent to a discrete-time risk144
process, given by Eq. (1.1), with initial capital S∗0 = 0. Therefore, it follows that the dual145
ruin time, τ∗, is equivalent to the hitting time for the incremental process, {S∗n}n∈N, of the146
level u ∈ N (see Fig:1). Using Proposition 3.1 of Li and Sendova (2013), the result follows.147
148
Now that we have an expression for Pu(τ∗ = k), k ∈ N, and consequently for the finite-time149
dual survival probability, namely φ∗(u, t), it remains to derive an expression for the finite-150
time Parisian survival probability for the case where the initial reserve is zero i.e. R∗0 = 0.151
Before we begin with deriving an expression for φ∗r(0, t), note that in order to avoid Parisian152
ruin, once the reserve process becomes negative, it will be necessary to return to the zero153
level (or above) in r time periods or less. Considering this observation, we will introduce154
another random stopping time, which we name ‘recovery’ time, that measures the number155
of periods it takes to recover from a deficit to a non-negative reserve. Let us denote the156
recovery time by τ−, defined by157
τ− = inf{n ∈ N : R∗n > 0, R∗s < 0, ∀s < n}.158
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(a) Typical sample path of reserve process
R∗n with initial capital u ∈ N.
(b) Corresponding sample path of the increment
process S∗n with initial capital 0.
Figure 1: Equivalence between dual risk process and classic risk process.
Now, consider the dual risk reserve process defined in Eq. (1.3), with initial capital u = 0.159
If no gain occurs in the first period of time, the risk reserve becomes R∗1 = −1 at the end160
of the period. On the other hand, if there is a random gain of amount k ∈ N+ in the161
first period, the risk reserve becomes R∗1 = k − 1. Hence, by the law of total probability,162
we obtain a recursive equation for the finite-time Parisian survival probability, with initial163
capital zero i.e. φ∗r(0, n) (where n > r + 1), of the form164
φ∗r(0, n) = p0 φ
∗
r(−1, n− 1) +
∞∑
k=1
pkφ
∗
r(k − 1, n− 1)165
= p0
r∑
s=1
∞∑
z=0
P−1(τ− = s,R∗τ− = z)φ
∗
r(z, n− s− 1) +
∞∑
k=0
pk+1φ
∗
r(k, n− 1), (2.4)166
167
where P−1(τ− = ·, R∗τ− = ·) is the joint probability of the recovery time and the size of the168
overshoot at recovery, given initial capital u = −1.169
In order to complete the above expression for φ∗r(0, n), we need first to derive an ex-170
pression for P−1(τ− = ·, R∗τ− = ·), which is given in the following Lemma.171
Lemma 2. For, n ∈ N+ and k ∈ N, the joint distribution of the recovery time and the172
overshoot at recovery is given by173
P−1(τ− = n,R∗τ− = k) =
n−1∑
j=0
p
∗(n−1)
j p1+n−j+k −
n−1∑
j=2
j∑
i=2
n− j
n− i p
∗(n−i)
j−i p
∗(i−1)
i p1+n−j+k,
(2.5)
174
175
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(a) Typical sample path of risk reserve process
R∗n with initial capital u = −1.
(b) Sample path of the reflected risk reserve pro-
cess −R∗n with initial capital u = 1.
Figure 2: Equivalence between original and reflected risk processes.
Proof. Consider the reflected discrete-time dual risk process, {−R∗n}n∈N, where {R∗n}n∈N176
is given in Eq. (1.3), with initial capital u = −1. Then, it follows that the distribution of177
the time to cross the time axis and the overshoot of the process at this hitting time are178
equivalent for both {R∗n}n∈N and its reflected process {−R∗n}n∈N, which can be described179
by a discrete-time risk process given in Eq. (1.1) (see Fig: 2). Thus, the joint distribution180
P−1(τ− = n,R∗τ− = k) can be found by employing the discrete ruin related quantity from181
Lemma 2 of Czarna et al. (2016). That is, by setting u = 1 in Eq. (4) of Czarna et al. (2016),182
the result follows.183
Finally, substituting the form of φ∗r(u, t), given in Eq. (2.1), into Eq. (2.4), we obtain an184
expression for φ∗r(0, n), of the form185
φ∗r(0, n) = p0
r∑
s=1
∞∑
z=0
P−1(τ− = s,R∗τ− = z)φ
∗(z, n− s− r − 2)186
+ p0
r∑
s=1
∞∑
z=0
n−s−r−3∑
i=z
P−1(τ− = s,R∗τ− = z)Pz(τ
∗ = i)φ∗r(0, n− s− i− 1)187
+
∞∑
k=0
pk+1φ
∗(k, n− r − 2) +
∞∑
k=0
n−r−3∑
i=k
pk+1Pk(τ∗ = i)φ∗r(0, n− i− 1).
(2.6)
188
189
Remark 1. An explicit expression for φ∗r(0, n), based on Eq. (2.6), proves difficult to ob-190
tain. However, due to the form of Eq. (2.6), a recursive calculation for φ∗r(0, n) is given by191
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the following algorithm:192
193
Step 1. For n = r+ 2, in Eq. (2.6), and using the fact that φ∗(u, t) = 1 for t 6 u, we have194
that195
φ∗r(0, r + 2) = p0
r∑
s=1
∞∑
z=0
P−1(τ− = s,R∗τ− = z) + 1− p0196
= 1− p0
(
1−
∞∑
z=0
P−1(τ− 6 r,R∗τ− = z)
)
197
= 1− p0φ(1, r + 1),198199
where φ(u, t) is the classic finite-time survival probability in the compound binomial risk200
model, which has been extensively studied in the literature, [see Li and Sendova (2013)201
and references therein] and alternatively can be evaluated using Lemma 2.202
203
Step 2. Based on the result of step 1, we can compute the following term, i.e. for n = r+3,204
we have205
φ∗r(0, r + 3) = p0
r∑
s=1
∞∑
z=0
P−1(τ− = s,R∗τ− = z) +
∞∑
k=1
pk+1 + p1φ
∗
r(0, r + 2)206
= 1− (1 + p1)p0φ(1, r + 1).207208
Step 3. For n = r + 4, we have209
φ∗r(0, r + 4) = p0
( ∞∑
z=1
P−1(τ− = 1, R∗τ− = z) +
r∑
s=2
∞∑
z=0
P−1(τ− = s,R∗τ− = z)
)
210
+ p0P−1(τ− = 1, R∗τ− = 0)φ
∗
r(0, r + 2) + p2φ
∗(1, 2)211
+
∞∑
k=2
pk+1 + p1φ
∗
r(0, r + 3) + p2P1(τ∗ = 1)φ∗r(0, r + 2)212
= p0
(
ψ(1, r + 1)− P−1(τ− = 1, R∗τ− = 0)
)
213
+ p0P−1(τ− = 1, R∗τ− = 0)φ
∗
r(0, r + 2) + p2 (1− p0)214
+ 1− (p0 + p1 + p2) + p1φ∗r(0, r + 3) + p2p0φ∗r(0, r + 2).215216
Employing the results of steps 1 and 2 and using the fact that P−1(τ− = 1, R∗τ− = 0) = p2,217
by Lemma 2, after some algebraic manipulations we obtain218
φ∗r(0, r + 4) = 1− [1 + 2p0p2 + p1(1 + p1)] p0φ(1, r + 1).219220
Thus, based on the above steps, it can be seen that φ∗r(0, r + k), for k = 2, 3, . . ., can be221
evaluated recursively for each value of k in terms of the mass functions, pk, and the classic222
ruin quantity φ(1, r + 1).223
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Theorem 1. For u ∈ N, the finite-time Parisian ruin probability ψ∗r (u, t) = 0 for t 6224
u+ r + 1 and for t > u+ r + 1, is given by225
ψ∗r (u, t) =
t−r−2∑
k=u
Pu(τ∗ = k)ψ∗r (0, t− k), (2.7)226
where Pu(τ∗ = k) is given in Lemma 1 and the initial value ψ∗r (0, n) can be found recursively227
from Eq. (2.6).228
In the next subsection, we use the above expressions to derive results for the infinite-time229
Parisian ruin probabilities, for which, as will be seen, a more analytic expression can be230
found.231
3 Infinite-time Parisian ruin probability232
In this section we derive an explicit expression for the infinite-time Parisian survival (ruin)233
probabilities using the arguments of the previous section. First, let us recall that the234
infinite-time Parisian survival probability is defined as φ∗r(u) = limt→∞ φ∗r(u, t), with the235
infinite-time dual ruin quantities being defined in a similar way i.e. φ∗(u) = limt→∞ φ∗(u, t).236
Then, it follows by taking the limit t→∞, with t ∈ N, Eq. (2.1) reduces to237
φ∗r(u) = ψ
∗(u)φ∗r(0) + φ
∗(u), (3.1)238
where φ∗r(0) is the infinite-time probability of Parisian survival with zero initial reserve and239
satisfies φ∗r(0) = limt→∞ φ∗r(0, t), where φ∗r(0, t) is given by Eq. (2.4). Thus, φ∗r(0) is given240
by241242
φ∗r(0) = p0
∞∑
z=0
P−1(τ− 6 r,R∗τ− = z)φ∗r(z) +
∞∑
j=0
pj+1φ
∗
r(j),243
or equivalently244
φ∗r(0) =
∞∑
k=0
(
p0P−1(τ− 6 r,R∗τ− = k) + pk+1
)
φ∗r(k), (3.2)245
where P−1(τ− 6 r,R∗τ− = k) can be obtained from the result of Lemma 2, i.e.
P−1(τ− 6 r,R∗τ− = k) =
r∑
s=1
P−1(τ− = s,R∗τ− = k).
Considering the first term of the summation in the right hand side of Eq. (3.2) and solving246
with respect to φ∗r(0), we get an explicit representation for φ∗r(0), given by247
φ∗r(0) = C
−1
∞∑
k=1
(
p0P−1(τ− 6 r,R∗τ− = k) + pk+1
)
φ∗r(k), (3.3)248
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where
C = 1− p0P−1(τ− 6 r,R∗τ− = 0)− p1.
Now, since from Lemma 2 we can obtain an expression for the joint distribution of the time249
of recovery and the overshoot, namely P−1(τ− 6 r,R∗τ− = k), we can re-write Eq. (3.3) as250
φ∗r(0) = C
−1
∞∑
k=1
akφ
∗
r(k),251
where ak =
(
p0P−1(τ− 6 r,R∗τ− = k) + pk+1
)
. Then, by substituting the general form of252
the infinite-time Parisian survival probability, given by (3.1), into the above equation, and253
solving the resulting equation with respect to φ∗r(0), we obtain254
φ∗r(0) =
C−1
∑∞
k=1 akφ
∗(k)
1− C−1∑∞k=1 akψ∗(k) . (3.4)255
Note that, unlike for the finite-time case, in the infinite-time case we obtain an explicit256
expression for the Parisian survival probability, with zero initial reserve, which is given in257
terms of the infinite-time dual ruin probabilities. Thus, employing Eq. (3.1) and the result258
from Lemma 1 we obtain an explicit expression for the infinite-time Parisian survival259
probability, with general initial reserve u ∈ N, given in the following Theorem.260
Theorem 2. For u ∈ N, the infinite-time Parisian ruin probability ψ∗r (u), is given by261
ψ∗r (u) = ψ
∗(u)
(
1− C
−1∑∞
k=1 akφ
∗(k)
1− C−1∑∞k=1 akψ∗(k)
)
, (3.5)262
where263
ak =
(
p0P−1(τ− 6 r,R∗τ− = k) + pk+1
)
, (3.6)
and
C−1 =
(
1− p0P−1(τ− 6 r,R∗τ− = 0)− p1
)−1
.
Proof. The result follows by combining Eqs. (3.1) and (3.4), and recalling that φ∗r(u) =264
1− ψ∗r (u).265
Note that in the above expression, for the infinite-time Parisian ruin probability ψ∗r (u),266
all quantities are explicitly available by Lemma 1, Lemma 2 and the fact that ψ∗(u) =267 ∑∞
k=0 Pu(τ∗ = k).268
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4 An alternative approach to the infinite-time dual ruin269
probability270
In Lemma 1, we obtained an expression for the probability function of the dual ruin time,
namely Pu(τ∗ = n), in terms of convolutions of the claim size distribution. This result, as
discussed previously, can be used to obtain an expression for both the finite-time dual ruin
probability and consequently, the infinite-time ruin probability, i.e.
ψ∗(u) =
∞∑
k=0
Pu(τ∗ = k) =
∞∑
k=u
u
k
p∗kk−u.
Although the above expression is explicit, this representation does not provide much insight271
into the behaviour of the dual ruin probability, for which a closed form expression would272
be more favourable.273
In this section, we consider an alternative derivation based on the fact that the ruin274
probability, ψ∗(u), satisfies a difference equation, for which a particular form of the solution275
is adopted. In the following, we show that this solution is indeed an analytical solution276
for ψ∗(u) and is unique. We point out that the following result can also be obtained using277
classical approaches, such as exponential martingales for random walks or the exponential278
change of measure [see Albrecher and Asmussen (2010)]. However, these methods are more279
complex and require a deeper analysis than the proposed formulation.280
Consider the dual risk reserve process given in Eq. (1.3) with initial reserve u + 1,281
u ∈ N and condition on the possible events in the first time period. Then, by law of282
total probability, we obtain a recursive equation for the infinite-time dual ruin probability,283
namely ψ∗(·), given by284
ψ∗(u+ 1) = p0ψ∗(u) +
∞∑
j=1
pjψ
∗(u+ j) (4.1)285
=
∞∑
j=0
pjψ
∗(u+ j), (4.2)286
287
with boundary conditions ψ∗(0) = 1 and limu→∞ ψ∗(u) = 0.288
Equation (4.1) is in the form of an infinite-order difference (recursive) type equation.289
Thus, by adopting the general methodology for solving difference equations, we search for290
a solution of the form291
ψ∗(u) = cAu,292
where c and A are constants to be determined. Using the given boundary conditions for293
ψ∗(·), it follows that the constant c = 1 and 0 6 A < 1. That is, the general solution to294
the recursive Eq. (4.1) is of the form295
ψ∗(u) = Au, (4.3)296
11
for some 0 6 A < 1. Substituting the general solution, given in Eq. (4.3), into Eq. (4.1),297
yields298
Au+1 =
∞∑
j=0
pjA
u+j , u = 0, 1, 2, . . . ,299
from which, dividing through by Au and defining the probability generating function (p.g.f.)300
of Y1 by p˜(z) =
∑∞
i=0 piz
i, we obtain301
A = p˜(A), 0 6 A < 1. (4.4)302
That is, 0 6 A < 1 is a solution (if it exists) to the discrete-time dual analogue of Lund-303
berg’s fundamental equation, given by304
γ(z) = 0, (4.5)305
where γ(z) := p˜(z)− z.306
Proposition 1. In the interval [0, 1) there exists a unique solution to the equation p˜(z)−307
z = 0.308
Proof. It follows from the properties of a p.g.f. that309
γ(0) = p0 > 0,310
γ′(0) = p1 − 1 6 0,311
γ(1) = 0,312
γ′(1) = E(Y1)− 1 > 0,313
γ′′(z) > 0, ∀z ∈ [0, 1).314
315
From the above conditions, which show the characteristics of the function γ(z) := p˜(z)− z316
(see Fig: 3), it follows that there exists a solution to γ(z) = 0 at z = 1 and a second solution317
z = A, which is unique in the interval [0, 1).318
Hence, from Eqs. (4.3), (4.4) and Proposition 1, we obtain an expression for the infinite-time319
dual ruin probability, given by the following theorem.320
Theorem 3. The infinite-time dual probability of ruin, namely ψ∗(u) for u ∈ N, is given321
by322
ψ∗(u) = Au, (4.6)323
where A is the unique solution in the interval [0, 1) to the equation p˜(z)− z = 0, with p˜(z)324
the p.g.f. of Y1.325
Remark 2. We note that the p.g.f. p˜(z) converges for all |z| 6 1 and thus, in the326
interval z ∈ [0, 1] the p.g.f. exists (finite) for all probability distributions i.e. light and327
heavy-tailed. Therefore, it follows that Theorem 3 holds for both light and heavy-tailed328
gain size distributions.329
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Figure 3: Graph of the function p˜(z)− z.
Remark 3. Note that, for a general claim size distribution of Yi, one cannot expect to330
observe the power law decay of heavy-tailed asymptotics, as is seen in the classic risk331
model, for the Parisian ruin probability ψ∗r (u). Indeed, recall that from Eq. (3.5) we have332
ψ∗r (u) = Dψ∗(u) ≤ ψ∗(u) for the constant D = 1− C
−1∑∞
k=1 akφ
∗(k)
1−C−1∑∞k=1 akψ∗(k) . Now, observing our333
discrete process, R∗n, at the moments of claim arrivals, we can conclude that:334
ψ∗(u) = P
(
max
n≥0
n∑
i=1
(Ti − Y˜i) > u
)
,
where {Ti}{i=1,2...} is a sequence of i.i.d. inter-arrival times independent of the renormalized335
sequence of i.i.d. claim sizes {Y˜i}{i=1,2...} with the law P(Y˜i = k) = pk/(1 − p0), for k =336
1, 2, . . .. In our model, the generic inter-arrival time, Ti, has the geometric distribution337
with the parameter p0 and hence, is light-tailed. From the general theory of level crossing338
probabilities by random walks, see e.g. Theorem XIII.5.3 and Remark XIII.5.4 of Asmussen339
(2003), it follows that the asymptotic tail of the ruin probability, ψ∗(u), always decays340
exponentially fast (this can also be seen from Theorem 3 and Remark 2). Therefore, the341
same concerns the Parisian ruin probability ψ∗r (u).342
5 Examples343
In this section, in order to show the applicability of the above results, we consider the344
Binomial/Geometric model, as studied by Dickson (1994), among others and Parisian ruin345
for the gambler’s ruin problem. In both cases, we derive an exact expression for the infinite-346
time dual probability of ruin, namely ψ∗(u) and consequently, from Theorem 3, we obtain347
an expression for the corresponding infinite-time Parisian ruin probability, ψ∗r (u).348
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5.1 Binomial/Geometric model349
In the Binomial/Geometric model, it is assumed that the gain size random variables350
{Yi}i∈N+ have the form Yi = Ii ·Xi, where Ii for i ∈ N+, are i.i.d. random variables follow-351
ing a Bernoulli distribution with parameter b ∈ [0, 1] i.e. P(I1 = 1) = 1 − P(I1 = 0) = b352
and the random gain amount {Xk}k∈N+ are i.i.d. random variables following a geometric353
distribution with parameter (1 − q) ∈ [0, 1] i.e.P(Y1 = 0) = p0 = 1 − b and P(Y1 = k) =354
pk = bq
k−1(1− q) for k ∈ N+.355
356
Lemma 3. For u ∈ N, the infinite-time dual ruin probability, ψ∗(u), in the Binomial/Geometric357
model, with parameters b ∈ [0, 1] and (1− q) ∈ [0, 1] such that b+ q > 1, is given by358
ψ∗(u) =
(
1− b
q
)u
. (5.1)359
Proof. From Theorem 3, the infinite-time dual ruin probability, ψ∗(u), has the form ψ∗(u) =360
Au, where 0 6 A < 1, is the solution to γ(z) := p˜(z)− z = 0, with361
p˜(z) = 1− b+ bq˜(z), (5.2)362
and q˜(z) is the p.g.f. of a geometric random variable, which takes the form363
q˜(z) =
(1− q)z
1− qz . (5.3)364
Combining Eqs. (5.2) and (5.3) and after some algebraic manipulations, Lundberg’s fun-365
damental equation γ(z) = 0, yields a quadratic equation of the form366
z2 + k1z + k2 = 0,367
where368
k1 =
b− 1
q
− 1,369
k2 =
1− b
q
.370
371
The above quadratic equation has two roots z1 = (1 − b)/q and z2 = 1. Finally, from the372
positive drift assumption in the the model set up, we have that E(Y1) = b/(1 − q) > 1,373
from which it follows that b + q > 1 and the solution z1 ∈ [0, 1). Thus, we have A = z1,374
since this solution is unique in the interval [0, 1) (see Proposition 1).375
To illustrate our results, in the Binomial/Geometric model, we consider the set of param-376
eters, b = 0.3, q = 0.9. Then, the dual ruin probability and the Parisian ruin probabilities,377
for r = 1, 2, 3, 4, are given in the following plot.378
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Figure 4: Plot of dual ruin and Parisian ruin probabilities for different values of r.
5.2 Parisian ruin for the gambler’s ruin problem379
In this subsection we consider a Parisian extension to the classic gambler’s ruin problem.380
In the gambler’s ruin model, a player makes a bet on the outcome of a random game, with381
a chance to double their bet with probability b ∈ [0, 1]. The gambler continues to play the382
game, against an opponent with infinite funds, until he goes bankrupt, at which point he383
is declared as ruined (see Feller (1968)).384
Mathematically, the gambler’s ruin model can be described by the discrete-time dual385
risk model, considered in the previous sections, with a loss probability p0 = 1 − b, corre-386
sponding win probability p2 = b and pk = 0 otherwise. Further, in order to satisfy the387
net profit condition, and consequently avoid definite ruin over an infinite-time horizon, it388
follows that b > 1/2.389
Under these assumptions Lundberg’s fundamental equation, γ(z) = 0, produces a
quadratic equation of the form
z2 − 1
b
z +
1− b
b
= 0,
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which has solutions z1 = 1 and z2 =
1−b
b . From the net profit condition, i.e. b > 1/2, it390
follows that z2 =
1−b
b < 1. Thus, from Theorem 3, we have that A =
1−b
b and the classic391
gambler’s ruin probability is given by392
ψ∗(u) =
(
1− b
b
)u
, (5.4)393
as seen in Feller (1968). Finally, from Theorem 2, the infinite-time Parisian ruin probabil-394
ity for the gambler’s ruin problem is given by the following Proposition.395
396
Proposition 2. The infinite-time Parisian ruin probability to the gambler’s ruin problem,397
with win probability b > 1/2, is given by398
ψ∗r (u) =
1− bC1
1− (1− b)C1
(
1− b
b
)u+1
, (5.5)
where399
C1 =
r∑
n=1
p
∗(n−1)
n−1 −
r∑
n=1
n−1∑
i=2
1
n− ip
∗(n−i)
n−1−i p
∗(i−1)
i . (5.6)
Proof. Using the result of Theorem 2, and the form of the classic gambler’s ruin problem400
given by Eq. (5.4), it remains to find explicit expressions for the coefficients ak, k = 1, . . . ,∞401
and the constant C−1.402
Let us first consider the coefficients ak, given by Eq. (3.6), of the form
ak =
(
p0P−1(τ− 6 r,R∗τ− = k) + pk+1
)
.
Recalling that in the gambler’s ruin problem the p.m.f’s of the positive gain sizes i.e. pk = 0
for k 6= 0, 2, it follows that only positive jumps of size Yi = 2, for i ∈ N+, can occur (with
probability b) and thus, the joint distribution of recovery and the overshoot at the time
of recovery, namely P−1(τ− 6 r,R∗τ− = k) = 0, for all k 6= 0. Thus, we have that, for
k = 1, . . . ,∞, ak = pk+1 and it follows
ak =
{
b, k = 1,
0 otherwise.
Substituting this into the result of Theorem 2 and after some algebraic manipulations, we
obtain
ψ∗r (u) =
C − b
C − (1− b)
(
1− b
b
)u
,
where C = 1− (1− b)P−1(τ− 6 r,R∗τ− = 0).403
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Finally, by setting z = 0 in Eq. (2.5) and noticing that, since pk = 0, for k = 3, 4, . . .,
only the term j = n− 1 remains in both summation terms, we obtain
P−1(τ− 6 r,R∗τ− = 0) = b
(
r∑
n=1
p
∗(n−1)
n−1 −
r∑
n=1
n−1∑
i=2
1
n− ip
∗(n−i)
n−1−i p
∗(i−1)
i
)
,
and it follows that C = 1− b(1− b)C1, where C1 is given by Eq. (5.6). Finally, the result404
follows after some algebraic manipulations.405
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